We compute the topological K-theory of the dg category of twisted perfect complexes on a Deligne-Mumford global quotient stack in terms of twisted equivariant K-theory.
Introduction
Let Cat dg (C) denote the ∞-category of C-linear dg categories, and let Sp denote the ∞-category of spectra. Blanc introduced in [Bla16] a functor K top : Cat dg (C) → Sp, the topological K-theory functor for C-linear dg categories, based on a proposal of Toën ([Toë10] ). Blanc proves that K top enjoys the following properties:
(1) K top maps Morita equivalences to weak equivalences, (2) K top maps short exact sequences of dg categories to fiber sequences, and (3) if X is a separated scheme of finite type over C, there is a natural equivalence
in Sp, where KU (−) is the (ordinary) topological K-theory functor for topological spaces, and X an denotes the complex points of X.
A main source of motivation for the construction of K top is Katzarkov-Kontsevich-Pantev's seminal work [KKP08] on noncommutative Hodge theory. Section 2.2.6(b) of loc. cit. predicts that there should be a notion of topological K-theory of a C-linear dg category C such that, when C is smooth and proper, its topological K-theory provides a rational lattice inside its periodic cyclic homology, just as in the classical setting of smooth proper complex varieties. This prediction is formulated precisely in Conjecture 1.7 of [Bla16] .
The goal of this short note is to identify the topological K-theory of the dg category of twisted perfect complexes on a Deligne-Mumford global quotient stack with an associated twisted equivariant K-theory spectrum. Before giving the precise statement of our result, we give some background. Blanc's comparison theorem (item (3) above) has been extended by Halpern-Leistner-Pomerleano to quotient stacks and by the second author to twisted perfect complexes: Theorem 1.1 ([HLP15] Theorem 3.9, Remarks 3.12, 3.13). Let X be a smooth, separated algebraic space of finite type over C with action of a complex linear algebraic group G, and choose a decomposition
where H is reductive and U is a connected unipotent group. There is a canonical equivalence
in Sp, where M is a maximal compact subgroup of H.
Here, KU M (−) denotes the representable M -equivariant complex topological K-theory spectrum, as defined in [May96, Chapter XIV] (as opposed to the K-theory with compact support discussed in [Seg68] ). Theorem 1.2 ([Mou17] Theorem 9.6). Let X be a separated scheme of finite type over C, and let A be an Azumaya algebra on X. There is a canonical equivalence
where KU α (X an ) denotes the α-twisted K-theory of X an , and α is the twist of K-theory determined by A.
A useful consequence of these comparison theorems is that equivariant topological K-theory of smooth separated finite type algebraic spaces over C with G-action (resp. twisted K-theory of separated finite type schemes over C) is invariant under Morita equivalences of dg categories of equivariant perfect complexes (resp. twisted perfect complexes).
Our main result is the following extension of Theorems 1.1 and 1.2:
be a Deligne-Mumford quotient stack, where X is a smooth, separated algebraic space of finite type over C, and G is a complex linear algebraic group. Let A be an Azumaya algebra on [X/G]. Choose a decomposition
where H is reductive and U is a connected unipotent group. There is an equivalence
in Sp, where M is a maximal compact subgroup of H, and α is the twist of the M -equivariant topological K-theory of X an determined by A.
For background on twisted equivariant K-theory, we refer the reader to [AS04, Section 6] or [FHT11] .
Remark 1.4. An Azumaya algebra A as in Theorem 1.3 determines a twist of the M -equivariant Ktheory of X an in the following way. Let Shvé t C denote the bigétale ∞-topos of C; this is a reflective localization of the ∞-category of simplical presheaves with respect to hypercovers in theétale topology. The Azumaya algebra A determines an element of the mapping space Map Shvé t
As discussed in [Bla16, Section 3], the functor which sends an affine scheme over C to its complex points factors through Shvé t C , giving a topological realization functor || − || : Shvé t C → S, where S denotes the ∞-category of spaces. This gives a map
here, we use that
, and
Restricting, we get a map
Elements of the target of this map are precisely the twists of the M -equivariant K-theory of X an ; note that π 0 Map S (X an × EM/M, B 2 S 1 ) = H 3 M (X an ; Z). In particular, A gives rise to such a twist. Remark 1.5. We note that the proof of Theorem 1.3 uses Theorem 1.1, but not Theorem 1.2. The smoothness assumption in Theorem 1.3 is only used to apply Theorem 1.1; it is not necessary for our argument when G is trivial. In particular, our proof of Theorem 1.3 gives a new, shorter proof of Theorem 1.2. Theorem 1.3 is a consequence of the following "projective bundle"-type theorem for twisted equivariant K-theory, which is an equivariant version of [Mou17, Theorem 10.1]: Theorem 1.6 (see Theorem 4.3 below). Let [X/G], A, α, and M be as in Theorem 1.3, and let [P/G] be a Severi-Brauer stack of relative dimension r associated to A. There is a canonical equivalence
of spectra.
Section 2 contains background on Azumaya algebras over Deligne-Mumford stacks. In Section 3, we obtain a semi-orthogonal decomposition of a Severi-Brauer stack associated to an Azumaya algebra on a Deligne-Mumford stack (Theorem 3.1), generalizing a theorem of Bernardera ([Ber09] Theorem 5.1); this result follows directly from work of Bergh-Schnürer in [BS17] . In Section 4, we prove Theorem 1.6 and apply it to prove Theorem 1.3.
Background on Azumaya algebras over Deligne-Mumford stacks
Let X be Deligne-Mumford stack over C. We recall the definition of the smallétale site,Ét(X), of X ([LMB00, Definition 12.1]). The objects ofÉt(X) are pairs (U, f ), where U is a scheme and
is surjective. Denote by Xé t the smallétale topos of X. The structure sheaf O X ∈ Xé t is given by
Given Azumaya algebras A and A ′ over X, the tensor product A ⊗ O X A ′ is again an Azumaya algebra.
We say a morphism p : P → X of Deligne-Mumford stacks is a Severi-Brauer stack of relative dimension r if there is anétale covering {U i → X} such that the pullback of p along each U i → X is isomorphic to the projection P r U i → U i . We briefly describe a bijection between isomorphism classes of Azumaya algebras of degree r and Severi-Brauer stacks of relative dimension r − 1. Define GL r to be the group of units in Mat r (O X ) (so GL 1 = G m ), and set PGL r := GL r /G m . By [AW17, Proposition 1], conjugation gives an isomorphism
For any group object G in Xé t , there are cohomology functors H i (X, G) for i = 0, 1; if G is an abelian group object, these functors are defined for all i ≥ 0. Moreover, the set H 1 (X, G) classifies G-torsors on X. The isomorphism φ therefore gives a bijection between isomorphism classes of Azumaya algebras of degree r on X and the set H 1 (X, PGL r ). Such a torsor determines a SeveriBrauer stack of relative dimension r − 1. On the other hand, let p : P → X be a Severi-Brauer stack of relative dimension r − 1. Choose a trivializingétale cover {U i → X} for p. The line bundles O P r−1 U i (−1) do not necessarily glue to give a line bundle on P; however, applying a construction of Quillen in [Qui73, Section 8.4], one may construct a canonical vector bundle J on P such that, for each i, the pullback of
(−1) ⊕r (Quillen only works with schemes in [Qui73] , but the construction adapts verbatim to the setting of Deligne-Mumford stacks). The Azumaya algebra associated to P is p * (End O P (J )) op .
Given an Azumaya algebra A on X (or in any ringed topos), one may define a notion of A-twisted sheaves; for details, see, for instance, [Lie07] Section 2. Denote by Perf(X, A) the dg category of perfect complexes of twisted sheaves on X, as defined in [Toë12] .
3 Semi-orthogonal decompositions for Severi-Brauer stacks
We obtain in this section a semi-orthogonal decomposition of the dg category of perfect complexes on a Severi-Brauer stack (Theorem 3.1), generalizing a theorem of Bernardera ([Ber09] Theorem 5.1). We emphasize that our proof of Theorem 3.1 is just a matter of concatenating several results of Bergh-Schnürer in [BS17] .
Let X be a Deligne-Mumford stack over C, and let p : P → X be a Severi-Brauer stack of relative dimension r − 1, as defined in Section 2. Choose a trivializingétale cover {U i → X} for P. As discussed in Section 2, there is a canonical vector bundle J on P such that, for each i, the pullback of
(−1) ⊕r , and
op is the Azumaya algebra on X corresponding to p. For all j ∈ Z, set
Note that J ⊗j is a right p * (A j )-module. We observe that p * (A) ∼ = End O P (J ) op , as noted in [Qui73, Section 8.4] (again, Quillen works only with schemes in loc. cit., but this identification also holds at the level of DM stacks). In particular, p * (A) is a trivial Azumaya algebra, and so Perf(P, p * (A)) ≃ Perf(P). Similarly, Perf(P, p * (A j )) ≃ Perf(P) for all j; choose, once and for all, such an equivalence for each j. Henceforth, we will identify each Perf(P, p * (A j )) with Perf(P) via this choice of equivalence without further mention. Define dg functors
Note that each Φ j has a right adjoint
Theorem 3.1. The dg functors Φ j are quasi-fully faithful (i.e. the induced functors on homotopy categories are fully faithful), and there is a semi-orthogonal decomposition
where the coproduct ranges over the maps in the trivializingétale cover. By [BS17] Example 4.11, the faithfully flat morphism U → P of algebraic stacks induces a conservative functor
(by which we mean a conservative functor on homotopy categories). By Example 4.15, Theorem 5.16, and Corollary 6.8 of [BS17] , it suffices to show that each Φ j is quasi-fully faithful. Therefore, by [BS17] Proposition 4.12, we need only show
given by pullback in each component is conservative (i.e. the induced map on homotopy categories is conservative) for all j, and (b) for each Cartesian square
commute up to isomorphism (on the level of homotopy categories), where the rightmost horizontal maps are pullbacks, the leftmost horizontal maps are induced by the trivializations of P on the open cover U, and Φ i,j (resp. Ψ i,j ) is the evident analogue of Φ i (resp. Ψ i ). The bundle J ⊗i introduced in Section 3 determines an element of the zero space of the spectrum KU M (P an ). We therefore have a map
where S denotes the sphere spectrum. Note that this map is natural with respect to pullback along morphisms of Severi-Brauer stacks. As discussed in Section 3, p * (A i ) is a trivial Azumaya algebra, and so p * (α i ) is a trivial twist; fix once and for all an equivalence KU
to be the composition
where µ is the multiplication map.
Proposition 4.1. If P is an equivariant projectivized vector bundle, there is a commutative square
in Sp for each i, where Φ i is as defined in Section 3, and the vertical maps ρ G,X and ρ G,P are the Halpern-Leistner-Pomerleano comparison maps. In particular, the map
is an equivalence of spectra.
Remark 4.2. Concerning the second statement in Proposition 4.1: it is of course well-known that there is an equivalence
this is the projective bundle theorem for equivariant topological K-theory. We are just observing that the map θ 0 · · · θ r−1 realizes this equivalence. Surely this too is well-known, but we could not find a citation.
Proof. We first consider the square
where the vertical arrows are given by the canonical map from equivariant algebraic K-theory to equivariant topological K-theory ([Tho88, Section 5.4]). Recall that the map
is the composition of p * :
) and the map on K(Perf([P/G])) induced by tensoring with J ⊗i (in this setting, J = O [P/G] (−1) ⊕r ). The square commutes, since the vertical maps are natural morphisms of E ∞ -ring spectra. It follows immediately that we have a commutative square Let Pre Aff C (Sp) denote the ∞-category of presheaves of spectra on Aff C , and let ku − mod denote the category of ku-modules, i.e. 2-periodic spectra. The composition
given by composing the forgetful functor with
has a left adjoint, which we will denote by L. If T is a dg category,
. Therefore, by adjunction, we obtain a commutative diagram
and the vertical maps are, by definition, the comparison maps ρ G,X and ρ G,P ([HLP15, Section 3.1]). The second statement now follows from Theorem 1.1 and [BS17, Corollary 6.8].
We now prove the analogue of Theorem 3.1 at the level of equivariant twisted K-theory:
Theorem 4.3. The map
Proof. Choose anétale cover {γ i : → X an /M }. Moreover, since X an /M is second countable, we may assume that this cover is countable. Set 
is the map on orbit spaces induced by the structure map p of our Severi-Brauer stack, and we pull back this open cover to obtain an open cover
for n ≥ 1, and let
denote the "infinite mapping cylinder", following the terminology of [FHT11] . Similarly, let
and let C P denote the corresponding infinite mapping cylinder. We observe that each B n is an M -equivariant projective bundle over A n . Let
denote the canonical maps. As in the proof of loc. cit. Theorem A.19, choose a partition of unity subordinate to the open cover {V i → X/M }, and use it to construct a section s X of g X . Pulling back along p : P an /M → X an /M , we get an induced partition of unity subordinate to the open cover {p −1 (V i ) → P an /M } and therefore an induced section s P of g P such that the diagram we conclude that this map is also an equivalence. The commutativity of diagram (4.5) implies that the map (4.4) is a section of the equivalence (4.7), and so (4.4) is also an equivalence.
Proof of Theorem 1.3. The right adjoints Ψ i of the functors Φ i determine maps
We therefore have comparison maps
given by Ψ i • ρ is an equivalence. It follows that λ X,G,A is an equivalence.
